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Abstract 

We prove that the spectrum of Schrodinger operators in three dimensions is purely continuous and 
coincides with the non-negative semiaxis for all potentials satisfying a form-subordinate smallness 
condition. By developing the method of multipliers, we also establish the absence of point spec¬ 
trum for Schrodinger operators in all dimensions under various alternative hypotheses, still allowing 
complex-valued potentials with critical singularities. 


1 Introduction 


Let Hq be the free Hamiltonian, i.e. the self-adjoint operator in associated with the quadratic 

form 

K[i;]-.= [ \VifW D{ha) ■.= H\W^). 

Let V : —>■ C be a measurable function which is form-subordinated to Hq with the subordination 

bound less than one, i.e., 


3a <1, VV'eiL^(R'^), 


Js.'^ 


( 1 ) 


In view of the criticality of iLp in low dimensions, o is admissible for d > 3 only, to which we restrict 
in the sequel. 

Assumption o in particular means that the quadratic form 



jr/; G 



|F||^|^ < oo 


( 2 ) 


is relatively bounded with respect to hg with the relative bound less than one. Consequently, the sum 
hv := do 3- f is a closed form with D(dy) = which gives rise to an m-sectorial operator Hy in 

via the representation theorem (cf. [161 Thm. VI.2.1]). It is customary to write 


Hv = Ho+V , (3) 

but we stress that this generalised sum in the sense of forms differs from the ordinary operator sum. 

The purpose of this paper is to show that condition m is sufficient to guarantee that the spectra 
of Ho and Hy coincide, at least under some extra hypotheses. 
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Recall that the spectrum, (j{H), of a closed operator H in a. complex Hilbert space Jf is determined by 
the set of points A G C for which H — X : D{H) —?► df is not bijective. Three disjoint subsets of cr(iJ) that 
exhaust the spectrum are distinguished: the point spectrum ap{H) := {X € <C : H — X is not injective}, 
the continuous spectrum udH) := {X G cr(iJ) \ ap{H) : R{H — X) = df} and the residual spectrum 
adH) := {A G cr{H) \ (jp{H) : R{H - X) d ^}- 

The spectrum of Tdo is well known to be purely continuous, in fact a^Ho) = adHd) = [0,+oo). In 
this paper we show that this spectral property is preserved by condition m provided that d = 3. 

Theorem 1. Let d = 3 and assume (U]). Then a{Hv) = adHy) = [0,+oo). 

The theorem is proved in four steps: 

(i) Absence of the residual spectrum; Section [TJ 

(ii) Absence of the point spectrum; Section [51 

(iii) Absence of the continuous spectrum in C \ [0, +oo); Section O 

(iv) Inclusion of [0,+oo) in the spectrum; Section SI 

Property (i) follows at once (in any dimension): Since the adjoint operator satisfies Hy = Hy = TldyT, 
where T is the complex-conjugation operator defined by Jtp := d, Hy is 7-self-adjoint {cf. [HI Sec. IIL5]) 
and as such it has no residual spectrum {cf. [3]). The absence of eigenvalues (ii) is established in Section|5] 
by means of an argument reminiscent of the Birman-Schwinger principle, but we emphasise that positive 
eigenvalues are excluded as well. Property (iii) is proved by a modified version of the previous argument 
in Section [3] Finally, in Section |4l we establish (iv) with help of an abstract quadratic-form criterion for 
the inclusion of points in the spectrum. 

The present paper is primarily motivated by a recent interest in spectral theory of Schrddinger 
operators with complex potential, see [n mu na EiiHii dniziini US] . However, the role of hypothesis CD 
to have the conclusion of Theorem [1] seems to be new in the self-adjoint case, too. 

As a matter of fact, Simon established the absence of eigenvalues in the self-adjoint case for d = 3 
already in [551 Thm. HI.12] (see also [53] Thm. XHI.21]) by assuming 


R3xR3 


\vd)\\v{y)\ 

■-2/P 


dxdy < (drr)^ 


(4) 


The extension of his method to complex potentials is straightforward. However, notice that our assump¬ 
tion CD is weaker. Indeed, CD is equivalent to (1551) . while 


|^|1/2^-1/2||2 ^ |||.^|l/2^-l|-^^|l/2|| < 111 l/2^-l | y 11/2 11 



(5) 


where || • || and || • ||hs denote the operator and Hilbert-Schmidt norms in L^(R^), respectively. The last 
equality in ([5]) follows with help of the explicit formula for the Green function (153)) in 
To be more specific, notice that, by virtue of the classical Hardy inequality 

WdendR'^), f f ( 6 ) 

jRd. \ 2 J J^d \xf 

our hypothesis CD is in particular satisfied for potentials V verifying 


|H(x)| < a 



2 



(7) 


for almost every x G However, the Hardy potential on the right hand side of this inequality does 
not even belong to the Rollnik class characterised for d = 3 by the norm || • ||fl in ((4|). Furthermore, the 
location of the continuous spectrum without the hypothesis that V belongs to the Rollnik class (which 
ensures the finiteness of the Hilbert-Schmidt norm above) is less evident in our more general setting. 

Our Theorem[T]is also an improvement upon the non-self-adjoint situation considered by Frank in [111 
Thm. 2]. First, he establishes the absence of eigenvalues outside [0,-too) only. Second, his assumption 
to get the conclusion of Theorem [T] for d = 3 is 

r 33/2 

/ \V{x)\^/^dx<—, (8) 

JR3 47r 


2 









which is again stronger than ours ©• Indeed, by the Holder and Sobolev inequalities, 


\VM^< 


\ 2/3 
|y|3/2 j 


IV'I' 


1/3 


< 


'R3 


|y|3/2j 


\ 2/3 24/3 


371^/3 




( 9 ) 


for all Ip G As an example, the Hardy potential on the right hand side of ([7]) makes the left 

hand side of (HI) infinite, while it is an admissible potential for our Theorem [T] Finally, let us mention 
that Frank and Simon have noticed recently in |13j that even positive eigenvalues can be excluded. 

Our hypothesis ([T|) is of course intrinsically a smallness condition about V. But it is interesting 
to notice that it involves potentials with quite rough local singularities, e.g. ©■ It seems that such 
potentials are not typically covered by previous works on the exclusion of embedded eigenvalues, even 
in the self-adjoint case; see [lain] to quote just the most recent results based on Carleman’s estimates. 

The extension of Theorem [T] to higher dimensions is not obvious, since our method relies on the 
pointwise inequality for Green’s functions dm, which does not hold for d > 3. As an alternative 
approach, in Section we develop the technique of multipliers for Schrodinger operators with complex¬ 
valued potentials and prove the absence of eigenvalues in any dimension under a stronger hypothesis. 

Theorem 2. Let d> 3 and assume 


f r2|I/|2|^|2 <52 /■ IVV'P, ( 10 ) 

where r(x) := |a:|. Then ap(Hv) = 0- 

Notice that dU follows as a consequence of m by means of the Schwarz inequality and the classical 
Hardy inequality dH]). Indeed, m and dll) yield 


\VM^<\\rVpj\\ 


iP 


< 


2b 




( 11 ) 


for all Ip G and b < (d — 2)/2 due to the restriction in (flUl) . 

Both dH) and (ITUl) are smallness assumptions about V. Our next step is to look for some alternative 
conditions which guarantee the absence of eigenvalues for Hy, in all dimensions d > 3. The idea is to 
modify the proof of Theorem [2| by splitting the real and imaginary parts of the potential V and treating 
them separately. In order to include potentials which are not necessarily subordinated in the spirit of dU, 
we consider the space 


H(K") := , Mf := / , (12) 

where we have introduced the notation f± := max{±/, 0} for any measurable function f : ^ M.. 

Clearly, ©(K^^) is continuously embedded in and it coincides with the latter as a set if m holds. 

The form hy^pj] := -I- /j^d(5RH)+ \ip\'^, D(/iy^) := ©(R'^), is closed by definition. Assuming 

now only that (5iH)_ and are form-subordinated to Hq with the subordination bound less than one 
(c/. (fT4ll and (fTHl) below), the sum hy ■= hy^ + hy^ with hy\ip] := — /jj,j(KH)_ \ip\^ + |'i/'P is a 

closed form with D(hy) = ©(R'’*). Of course, hy coincides with the previously defined form under the 
hypothesis dH). In this more general setting, we also denote by Hy the m-sectorial operator associated 
with hy. 

Now we are in a position to state the main result about the absence of eigenvalues for Hy under 
natural conditions on V. 


Theorem 3. Let d>3 and assume that there exist non-negative numbers 61 , 62,^3 satisfying 

3 


bl<l- 


263 

d- 2 ’ 


62 + 263 + iv^ 


/ 2 


< 1 , 


(13) 
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such that, for all if G 'D(]R'^), 


/ (5RF)_ < 6? / \ViP\^, (14) 

jR<i JR'1 

[ [dr{rm)]^\if\^<bl [ iVifW (15) 

JR‘1 jRd 

[ r^\^V\^\if\^<bl [ \Vif\\ (16) 

jRrf Jr'I 

where drf{x) := ■ \7f{x). Then CTp(iJy) = 0. 

We recall that da and m ensure that hy'^ is subordinated to hy^ with the subordination bound 
less than one, so Hy is indeed well defined. A brief comparison between Theorems [I] [5] and [3] is in order: 

• If Sy = 0, namely V is real-valued, then 63 can be chosen to be equal to zero and condition (1131) 
then reads bi < 1, 62 < 1. In this case, the subordination assumption © implies (1131) . However, 
we stress that conditions da and da are not unsigned, contrary to the case of ©• In particular, 
a large class of repulsive potentials such as the Coulomb-type interaction V{x) = c|a:|“^ with any 
c > 0 satisfy (ITdl) and (ITKll . although the subordination ([T]) fails. 


• On the other hand, if = 0, namely V is purely imaginary-valued, then (IT31) . (IT5|) are fulfilled 
and one just needs to assume (IT31) with 


\/b3 < 8 



This hypothesis is better than condition (fTHll of Theorem[3]and represents a completely new result, 
to our knowledge. However, for general complex-valued potentials V, the interest of Theorem [2] 
consists in that it requires no conditions on the derivatives of V. 

The techniques used to prove Theorems [3] and [3] permit to handle more general lower-order pertur¬ 
bations of Hq. It is of particular interest for the electromagnetic Hamiltonian Ha,v that we introduce 
as follows. Given a magnetic potential A e LlMV) and denoting by Va := V + iA the magnetic 
gradient, we now consider the space 

MfA--= [ |VaV^|"+/ (5?H)+|^P+/ \ip\\ (17) 

JR'i Jr<i JR‘1 

and introduce the form hA,v[ip] ■= |Va'0P + fgd D(^a,v) := ®a(R‘^)- If V is such that (fT31) 

and (1311) below hold, then hA,v is closed. We denote by Ha,v the m-sectorial operator associated 
with hAy- We next denote by B VA — (VA)* £ Mdxd(lR) the magnetic field generated by A. (For 
d = 3, B may be identified with curl A, in the sense that Bv = curl A x v for all ?; £ H.^, where the cross 
denotes the vectorial product.) Following a notation introduced in [lOj . we also define 

Brix) ■ B{x). (18) 

|x| 

(A non-trivial example of magnetic field with Br = 0 is given in dimension d = 3 by the magnetic 
potential A[x) = |a;|“^(— 0 : 2 , Si, 0).) 

The last result of this manuscript is an analogue of Theorem|3]in the presence of an external magnetic 
field. 

Theorem 4. Let d > 3, A G R"^) and assume that there exist non-negative numbers 6 i, 62,&3 

satisfying USD such that, for all if G I)a(R‘^), 

/ (5RF)_ \if\^ <bl f , (19) 

Jr'I Jr‘1 

f [dr{rm)]y\if\^<bl f \VAif\\ (20) 

JR'^ Jr‘1 

f + \^\^<bl [ IVaV'P- (21) 

JR'l \ ^ / dR<J 

Then (jp[HAy) = 0. 
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2 Absence of eigenvalues: the Birman-Schwinger principle 

The main role in our proof of Theorem [1] is played by the Birman-Schwinger operator 

Kz := {Hq - z)~^ Vij 2 with V 1/2 := sgn(V), 

where sgn(z) is the complex signum function defined by sgn(z) := z/\z\ for z G C \ {0} and sgn(O) := 0. 

We abuse the notation by using the same symbols for maximal operators of multiplication and their 
generating functions. The operator is well defined (on its natural domain of the composition of three 
operators) for all z G C and d> 3. 

li z ^ [0, -boo), however, we have a useful formula for the integral kernel of K^'- 

Kz{x,y) = \V\^^‘^{x)Gz{x,y)Vii2{y), ( 22 ) 

where Gz is the Green’s function of Hq — z, i.e. the integral kernel of the resolvent {Hq — z)~^. We 

observe that is a bounded operator for all z ^ [0, -boo) and d > 3 under our hypothesis ([T|). Indeed, 

Yxji maps L^(R'^) to iJ“^(R‘^) by duality, (idp — z)~^ is an isomorphism between and 

and the latter space is mapped by back to L^(R'^). 

Moreover, if d = 3, we have an explicit formula 


1 p-V^\x-v\ 

Gz{x,y):=- - ^(23) 

47 r \x — y\ 

Here and in the sequel we choose the principal branch of the square root. Using this explicit formula, 
we are able to show that is bounded by a under the hypothesis O- 

Lemma 1. Let d = 3 and assume ((T|). Then 

Vz^(0,-boo), \\Kz\\<a. (24) 

—— 1/2 

Proof. We start with an equivalent formulation of m, in any dimension d > 3. Writing g := Hq '0 
in o, we have 

<a\\VH-^/^gf =a\\g\\^, 


where || • || denotes the norm in L^(R‘*). Since the range of is dense in L^(R'^), we see that © is 
equivalent to 


^ < a. 

It follows (by taking the adjoint) that also 

(25) 

P^0-l/2|y|l/2 2 

(26) 


Now we assume d = 3, where the explicit formula (1231) for the Green function is available. By virtue 
of the pointwise bound 


Vz^(0,-boo), Va;,?/GM^, \Gz{x,y)\ < Go{x,y) , (27) 

we have 

|(/,i^.d)l<(l/l,i^o|dl)<||i^o||||/|||HI (28) 

for every z ^ (0, -boo) and all f,g £ L^(R^), where 

Ko := |U|i/2id-i|U|i/2 

and (•,•) denotes the inner product in L^(R^) (conjugate linear in the first argument). Using (1^ 
and (EHl), we have 

||/?o|| = \\\V\^^^H^^\V\^/^ < |||U|i/2ido-i/2||||id-^/"|U|i/2|| <a. (29) 

Consequently, (1^ and (1^ imply (1^ . □ 
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The following lemma provides an (integral) criterion for the existence of solutions to the (differential) 
eigenvalue equation of Hy ■ It can be considered as a one-sided version of the Birman-Schwinger principle 
extended to possible eigenvalues in [0, -boo) as well. 

Lemma 2. Let d = 3 and assume ([T]). If Hyip = with some A G C and tjj G D{Hy), then cp := 
obeys 

Vtp e L^(R^), liui i ip, Kx+i^(p) = -{p,(p). (30) 

e->0± 

Proof. Given any A € C, there is eo > 0 such that X + ie ^ [0, -boo) for all real e satisfying 0 < |e| < Eq- 
By density of (^“(R^) in L^(R^) and Lemma [1] it is enough to prove (15(11) for ip G CPf°(MP). We have 

{ip,Kx+ie(p) = [[ ip{x)\V\^^'^{x)Gx+ieix,y)V{y)'ip{y)dxdy = [ r]^{y)V{y)ip{y)dy, (31) 

JJR3xR3 JR3 

where 

Ve ■= [ ip{x)\V\'^/'^{x)Gx+ie{xy)dx = {Ho - X - i£)~'^\V\'^^'^lp, 

where the second equality holds due to the symmetry Gz{x,y) = Gz{y,x). In view of ([T]), \V\^^'^Tp G 
L^(R^). Since e: 0 is so small that A -b *e ^ a{Ho), we have r]^ G D{Ho) = iJ^(R^). In particular, 
r]s G i7^(R^) and the weak formulation of the eigenvalue equation Hyip = Xtp yields 


I Ve{y)V{y)'ip{y)dy = -(V?7e, Vi/') -b A (t?^, V-) 

R3 

= -{Vlp,Vr]e) + X{lp,T]e) 

= -{Vip, Vye) + (A -b is) {ip, r]e) - ie {ip, ry^) 
= -{'P^ {P’^Ve) 

= -{pAV\^/^ip)-ie {ru,ip). 


(32) 


Here the last but one equality follows from the weak formulation of the resolvent equation {Ho — X—i£)rjg = 
\Vp-/‘^'ip. Consequently, (1511) and (I55|) imply (ISU)) after taking the limit e —0^, provided that e {fjg, ip) ^ 0 
as e —>■ 0. To see the latter, we write 


\{Ve,ip)\ = \{ip,M,,iP)\ < ||v?||||Me|| Ill/'ll , 


where := xa \V\^/'^{Ho - X — ie) ^ with H := supp(/j, and it remains to show that e ||Me|| tends to 
zero as e —>• 0. Following jUJ Thm. III.6], we use the resolvent kernel (1551) and estimate \\M,;\\ < ||M£||hs- 
We have 


\\Me 


\^m 


(47r)2 


nxR3 


-2K(e)\x-y\ 1 

irwi 


|Ib(a;)| dx, 


where the last integral is bounded because V e Ac 


loc 


as a consequence of ([T|) and 


k{£) := 5J\/—(A -b ie) 


|e if A = 0 , 

|e| if JJA > 0 & SA = 0, 
1 otherwise. 


Hence, e ||Me|| behaves at least as 0(e^/^) as e: —>■ 0, which concludes the proof of the lemma. 


□ 


Remark 1. Lemma [5] resembles [5^ Thm. HI.6] in the self-adjoint case. It is also related to the recent 
abstract result [13 Prop. 3.1]. 

Now we are in a position to establish the absence of eigenvalues in three dimensions. 

Theorem 5. Let d = 3 and assume ©• Then ap{Hy) = 0. 

Proof. Assume there exists A G C and a non-trivial ip G D(Hy) such that Hyip = Xip. Since the spectrum 
of Ho is purely continuous, the theorem clearly holds for P = 0 and we may thus suppose that V is 
non-trivial. But then </> := is also non-trivial, otherwise ip would be a non-trivial solution of 

Hgip = Xip, which is again impossible by the absence of eigenvalues for Hq. Now, Lemma [3 with ip := p 
and Lemma [1] yield 

a\\pf> lim^ |((/), A:A-Hie(/>)| = ||</'r ■ (33) 

□ 


This is a contradiction because a < 1. 
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3 Absence of the continuous spectrum outside [0, +oo) 


The following lemma is a modification of the idea behind Lemma [2] to deal with the continuous spectrum. 
We prove it in all dimensions d > 3. 

Lemma 3. Let d > 3 and assume O- If \\Hvipn — ^tpn\\ —>-0 as n —>• oo with some A £ C \ M and 
{V’njrtGN C D{Hv) such that WipnW = 1 foT all n gN, then (fn '■= obeys 


{4'mK\4>n) _ , 

UnW^ ■ 


(34) 


(35) 


Proof. The proof is similar to that of Lemma [2j We have 

{(fn.Kxcjin) = / 'qn{y)V{y)'ifn{y)dy = v(jyi,il)ri), 
where (•,•) denotes the inner product in L^(IR‘^) and the function 

rin-= f (l>n{x)\V\'^^'^{x)Gx{x,-)dx = {Ho - (j)n 

dRrf 

belongs to H^{M.‘'-). Indeed, 

= {Ho - xy H^^H-^!^ 

where </>„ £ L^(R‘^) by (P), is bounded due to (1^ and {Ho — X)~^Hq^'^ maps L^(R‘^) to 

id^(R'^). More specifically, 


(36) 


IhnII < Ca ^||())n||, where Ca := sup 

[0,oo) 




-A 


(37) 


(38) 


In analogy with (15^ , we are thus allowed to write 

v{ThI, Ipn) = hv{ThI, Ipn) “ A (^, Ipn) “ (Vr^, V^/’n) + A (r^, ifn) 

— {Vtl ^ {dly X^'tpn^ ho {'ipn ; Vn ) T A {'fn , ^n) ■ 

By the second representation theorem {cf. [THl Thm. VI.2.23]) and (1551) . 

do('0n, Vn) - X {ipn, TJn) = {Hy^lfri, Ho^'^Vn) “ A ('0„, TJn) 

= {nyy, {Ho - x + x){Ho - xyH-^/^\vyy) - x{y,y 
= {Hyy,H-^^^\vyy) 

= {{Hyyyry^^y,y) 

= 

= Unr- 

Since 

jjidyV'n - A^/)„|| = sup A-0n)| > | || |p + [^J^] - A | , 

¥>GL2(R‘^) ||(^|| 

ip^O 

where the inequality is obtained by choosing (p := ipn, and the left hand side vanishes as n —>■ oo, we see 
that Qz;[-0n] tends to 3A ^ 0 as n —?► oo. In particular. 


(39) 


liminf ||(/)„|| > 0. 


(40) 


Using (1551) in (155)) . recalling (1551) . dividing the obtained identity by ||(/>ra|P (which is non-zero for all 
sufficiently large n due to (1501) 1 and taking the limit as n —^ oo, we arrive at 


lim 

n—^co 


{4)n,Kx4>n) , , {r]n,{Hv - Xy) 

-rr-— tt;; -h 1 = hm ^-——T-r-^ . 


||(/>n|P ||<^n|P 

In view of (1571) and (1501) . the right hand side equals zero by the hypothesis. 


□ 
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Now we are in a position to establish the absence of the continuous spectrum outside [0, +oo). 
Theorem 6. Let d = 3 and assume (H]). Then adHy) C [0,+oo). 

Proof. By (P), ^hv[tp] > (1 ~ ^ 0 for all if G Since Lfy is m-sectorial, it follows that 

the spectrum of Hy is contained in the right complex half-plane {cf. [TH Thm. V.3.2]). Assume that 
there exists A € C with 5JA > 0 and SA d 0 such that A G ac{Hy). Then A belongs to the kind of 
essential spectrum which is characterised by the existence of a singular sequence of Hy corresponding 
to A {cf. [SI Thm. IX.1.3]): C D{Hy), \\ifn\\ = 1 for all n G N, \\{Hy — X)ifn\\ —>■ 0 as n —>• oo 

and {V'njnGN is weakly converging to zero. By LemmajSland LemmaP 


a > II^aII > 


^\4^n) 

UuV 


= 1 . 


This is a contradiction because a < 1. 


□ 


We remark that the last step of the proof of Theorem [5] requires Lemma P for which d = 3 is crucial. 


4 Inclusion of the spectrum in [0, +oo) 


The opposite inclusion follows by an explicit construction of a singular sequence of Hy corresponding to 
non-negative energies. Since the operator Hy is defined through its sesquilinear form, it is convenient 
to have a criterion which requires that the singular sequence is in the form domain only. Unable to find 
a reference in the general case, we state the abstract version first (for the self-adjoint situation, see [TSl 
Thm. 5]). 

Lemma 4. Let H be an m-sectorial accretive operator in a complex Hilbert space TC which is associated 
with a (densely defined, closed, sectorial) sesquilinear form h. Given A G C, assume that there exists a 
sequence {^!>n}nGN C D(/i) such that ||0n|| = 1 for all n G N and 


\h{(j)n,lf) - X{(l)n,tp)\ 
V>GDpi) IIV’IId(/i) 


-^0, 

n—^oo 


(41) 


where ||t/’||D(/i) := -|- ||'0P. Then X G cr{H). 


Remark 2. Notice that the left hand side of dm) is the norm of the vector H* (pn — Xcfn in the dual 
space D{h)*, when D{h) is thought as the subspace of TC equipped with the norm || • ||d(/i)- 

Proof. We proceed by contradiction: Assume the hypotheses of the theorem and A ^ cr{H). The latter 
means that for every g G Ti there exists if G D(id) such that Hif — Xif = g. That is, if = {H — X)~^g 
and {H — A)“^ is bounded as an operator on TC onto TC. The weak formulation of the resolvent equation 
reads 

'i<fGD{h), h{(f,if) - X{(f,if) = {(f,g). (42) 

Consequently, for every (f G D(/i), 


Ca 


\h{(f,if) -X{(f,if)\ 

V>GDpi) II'0 I|d(/i) 

V’7^0 


> sup 

9#0 


\h{(f,if) -X{(f,if)\ 

lldll 


sup 

5=7^0 


lldll 




(43) 


where if and g are related through and the constant 


Cx := sup 

gGM 


II'0IId(/i) 

lldll 


is finite because the resolvent {H — A) ^ maps TC onto D(iJ) C D{h). More specifically, 

\\if\\l^^^=m[{H-X)-^g] + \\{H-X)-^gr 

= mn - X)-^g, H{H - X)-^g) + \\{H- A)-igf 

< (||(R-A)-i||||R(R-A)-i|| + ||(R-A)-if) \\gf. 












Choosing ^ := in (H51) . we get that the left hand side tends to zero as n —oo by m, while the right 
hand side equals one due to the normalisation of {(/>ra}neN, a contradiction. □ 


Now we are in a position to prove the inclusion of the interval [0,+oo) in the spectrum of Hy- The 
following result holds in all dimensions d > 3. 

Theorem 7. Let d>3 and assume (H]). Then a{Hv) D [0,+oo). 

Proof. We construct the sequence {(/)n}rieN from Lemma 0] applied to Hy by setting 

where k is such that \k\^ = A € [0, +oo), ipnix) := for all n G N (with the convention 

0 ^ N) and Lpi G is a function such that ||(/3i|| = 1. The normalisation factor in the definition 

of (pn is chosen in such a way that 

ll¥’«|| = llv^ill = 1, ||Vv3„|| = ||V(/3i||, ||A(/3„|| = ||A(/5 i|| 

for all n G N. Then ||(/)„|| = 1 and (fn G 0{hy) = D(/io) = for all n G N. Furthermore, 

\\-A(j)n - A(^n|| = \\-Apn + ‘2ik ■ V(/3„|| < || A(/j„|| + 2 |fc| ||V(/5„||-s> 0 . (44) 

n—^oo 

In fact, {(()n}rieN is the usual singular sequence of Hq corresponding to A. At the same time, 

\v[c^n]\ < \\\V\^^^Pn\f <a\\Vipnf -^0, (45) 

n—¥oo 

where the second inequality follows by O- 

The numerator in (IdlT) can be estimated as follows 

\hy{(l)n,1p) - A (<(>«,'0)1 = l(-A0„ - A0„,0) +V{(j)n,'f’)\ 

< \\-A(j)n - X(fn\\ II0II + V0[0n]|\/0[0]| 

< ||-A0„ - X(j)n\\ II0II + VHMl \fa IIV01I, 


where the last inequality is due to O- As for the denominator in m, employing o again, we have 

II0IId(.) = II + 5?U[0] + ||0f >(!-«) II V0f + ||0f > (1 - a) ||0fp(,„) , 

where || • ||d(/io) is just the usual norm of Putting these estimates together, we have the bound 


sup 

V’t^O 


\hy{<j)n,1p) - A(0n,0)| 
ll0llD(/tv) 


< 


||-A0„ 


•01 — 0 


where the right hand side tends to zero due to (H41) and (051) . 

Summing up, given A G [0, +oo), we have shown that the sequence {0n}nGN satisfies all the hypotheses 
ofLemmaHl Consequently, [0,+oo) C (j{Hy). □ 

Proof of Theorem [II To conclude, Theorem [1] follows as a consequence of Theorems 01 [H [7] and the 
absence of the residual spectrum justified already in Section |T] □ 


5 Absence of eigenvalues: the method of multipliers 

In this last section, we prove Theorems |I1I2] and 0] by a completely different approach in comparison with 
the previous sections. Namely, we extend the method of multipliers developed in the self-adjoint context 
in [2] to complex-valued potentials. Here we proceed in all dimensions d > 3. 

Let us consider the equation 

Au + Xu = f, (46) 
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where A is any complex constant; we write Ai := 5ftA and A 2 := SA. Given a measurable function 
/ : —>■ C that we assume to merely belong to we say that u is a solution of if 

u G H^(R^) and 

yv€H\R‘^), -{Vv,Vu) + X{v,u) = {vJ). (47) 

Here, with an abuse of notation, the same symbol (•, •) is used for the inner product in and for 

the duality pairing between and on the left and right hand side of (ITTl) . respectively. 

Equation (H51) is related to the eigenvalue problem of Hy by setting / := Vu. Notice that any eigenvalue A 
of Hv necessarily satisfies Ai > 0 due to O- If M is a solution of (051), we set 

u±(x) sgn(A2):=|^ ^2 7^0, 

I 1 if A 2 = 0 . 

In order to prove Theorem [21 we establish the following result, which shows that (051) has no non¬ 
trivial solutions provided that / is small in a suitable sense. 

Theorem 8. Let d > 3. Let u be a solution of (I46|) with 5ftA > 0, and assume that f satisfies 

|0/||<A||Vu-||, |0/||<A||V^r||, (49) 

where A is determined by 


Then u = 0. 

Proof. The proof relies on direct techniques, based on multiplication and integration by parts, inspired 
by P], in which the methods by mm are developed and refined. Here we propose some slight modifi¬ 
cations in the arguments, essentially due to the fact that we need to handle complex-valued potentials. 
To save space, we abbreviate / := and omit arguments of integrated functions. 

Following [2], we divide the proof into two cases: IA 2 I < Ai and IA 2 I > Ai. 


2(2d-3) . V 2 
■ A -' 


d-2 




A 2 < I. 


(50) 


Our first step consists in approximating solutions of (1471) by a standard cutoff and 
mollification argument, which is fundamental to make rigorous the proof in the sequel. To this aim, let 
—>■ [ 0 , 1 ] be a smooth function such that 


Case IA2I < Ai- 


^=linH^, e = 0inR‘^\H2K, |V^fl|<2A-i, < 2i?-i0|-i , (51) 


for any R > 0 sufficiently large, where Br := {|a;| < R}. For a function 5 : R*^ —>■ C, we then denote 
9r ■= gin- If M G H^iW^) is a solution to (ITTl) . we see that ur G H^iW^) solves 


IXur + Xur = fR - 2 V£,r ■ Vu - uA^r =: fR (52) 

in the weak sense of (1471) . Notice that, since / satisfies conditions (1491) and 001 ), we have 

|0/h|| < A||Vm^|| -he^(i?), \\xfR\\<A\\VuR\\+e^{R), ji^e^(i?) = 0. (53) 

Indeed, by (ISTl) . 

\\xlR\\<\\xfR\\+8l f |V«n +4R-^ 

\Jr<\x\<2R ) 

where the last two terms tends to 0 as i? —>■ 00 , since u G 

Let now G C(j”(R‘^) be a function such that / ^ = I, and define, for any d > 0, (j)s{x) := (f). 

If u G i7^(R‘^) is a solution to (1571) . we see that ur^s '■= ur * fis solves 



Aur^s + Xur^s = fR,S 
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in the weak sense of dUl), where fn^s '■= fn* (f’s- More specifically, 

Vv e , (-Vn, VuR^s) + A (v, ur^s) = {v, Jr,s) ■ 

By ((KlTll . it turns out that 


( 54 ) 


lk/fl,5|| < A 


Vu 


R,S 


+ e2(i?), \\xfR,s\\<A\\^UR^s\\+e^R), \im e^R) = 0, (55) 

-R—>-oo 


where := Uj^* 


and A as in dSO]). 

We can now start with suitable algebraic manipulations of equation (1541) . which suitably approx¬ 
imates (H71) . Let G'i,G 2 ,G 3 : —>• R be three smooth functions. Choosing v := GiUr^s in (IMl) . 

integrating by parts and taking the real part of the resulting identity, we arrive at the identity 


Ai / Gi|u_R,5p— / GilVuR^sl"^ + - / AGi = 5i / Jr^sGiur^s ■ 


(56) 


Analogously, choosing v := G 2 U in gzl) and taking the imaginary part of the resulting identity, we obtain 


A 2 / G2|uR,5p — 3 / VG2 ■ Ur^sVur^s = ^ I fR,sG2UR^s, 


(57) 


where the dot denotes the scalar product in R'^. Finally, choosing v := 2 VG 3 • Vur^s + AG 3 ur^s in (H71) . 
integrating by parts and taking the real part of the resulting identity, we get 


J VuR,s ■ V^Ga • i y A2G3 \ur,s\‘^ + A 2 S y VG 3 • ur^s^u^ 


(58) 


~ ^^3 Ur, 5 — 5ft / /r,5 VG 3 • , 


where V^G 3 denotes the Hessian matrix of G 3 and A^ := AA is the bi-Laplacian. Notice that identities 
(1551) . (1571) . (1551) are justified, since ur^s & G(j”(R^) and Gi,G 2 ,G 3 are smooth, therefore bounded, 
together with their derivatives of any order, inside the support of ur^s. 

In the following, we assume that Gi,G 2 ,G 3 are radial, i.e. there exist smooth functions 31 , 32,53 : 
[0,oo) — >■ R such that Gi(a;) = gi{\x\) for all a; £ and i G {1,2,3}. Then 


d-1 


VGi(a;) = 3'(|a:|)—, AG*(a;) = 3"(|a;|)-h3((|a:|) 


, V^G,ix)=g'/i\x\)— + 


XX , 3 '(|x|) 


I- 


XX 


where I denotes the identity on R'^ and xx is the dyadic product of x and x. For any 3 : R'^ —C, denote 
by 


drg{x) := — • Vg{x) 


and 


V.3(x) .V3(x) 


the radial derivative and the angular gradient of 3 , respectively, so that IV 3 P = |9r3p + IV 7 - 3 P. 
Taking the sum (l56)) + A} (l57ll + (l58)) . we obtain 


y |9rUR,(5p(33 ~ 3l) + y — 31 ^ + J | UR,5 P ^Ai3i -|- A 2 A} 32 ^ 

+ y|uR,5pQAGi-iA2G3^-AfS y umVur,^ • VG 2 + A 2 5 J ur^sS/uKTs-VG^ 

= 5i y Jr^s Gi ur^s + A^ 3 y /r,5 G 2 Ur,5 ~ 2 ^ J AG 3 — 5ft J Jr^s ^ur^s ■ VG 3 . 

1 


(59) 


Choosing gi := and g 2 := sgn(A 2 ) ^ 3 , the last identity becomes 


^ J 33 (l'9rUl?,5p -f Ai -Sgn(A 2 )A} 5 J 33U^5rUfl,5 + J |VrUii,5p ~ ^ 

4 y (^^3 “ A^Gs) -I- IA 2 I A} y 33 |ui{,5p -I- A 2 S y 33 Ur^s drURj 

= 2^y /r ,5 53 ur ,5 + A} sgn(A2) S J fR,s g's^u^ - J fR,s ur,s AG3 - 5 i J /r^s '^ur,s ■ VG3 
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where G'^{x) := ggdxl). Choosing now Gz{x) := \x\^, the tangential and radial derivatives of u sum up 
and we obtain 

J + Ai - 2sgn(A2) Af 3 j UR^ drUR^S + ‘2\\2\ j + 2 A 2 S J \x\ur^S drUR^S 

= (1 - d) Ji J Jr^s + 2Af sgn(A2) 3 J Jr,s \x\ ^ ^^ 


Using 


|Vu7 '2 




h X 


= l^UR^sl'^ + Xi\uR^s\‘^ - 2sgn{X2)Xi'^ (uR^sdrUR^s) , (61) 


Vu_R,5 - i sgn(A2) XI -j—rWfl.i 

fI 

we can rewrite dMl) as follows: 

J + 2 IA 2 I Aj^ J |a:||MK.5|^+ 2 A 2 S J \x\uR^sdrir^ 

= (1 - d) 3? J Jr^s + 2 A 7 sgn(A 2 ) 3 J Jr ,5 \x\ uWJ J ^ ' ^ur,s . 

_ — - 

Subtracting from the last identity equation (1^ with the choice Gi{x) := IA 2 I A^ ^ |a;|, we arrive at 


|Vu 


- |2 


(d- 1 ) 


IA2I A;^ 




+ IA2I XI / Isll^K.al 


, 2 J |a:| 

+ |A2|Ai"y |a;||VMi{,5p+ 2 A 25 J \x\ur,s drUR;s 

= (1 - d)5i J Jr,sur,s + 2 Af sgn(A2)3 J Jr ,5 |x|?r^- 2 5ft J Jr,sx- Vu^- IA 2 I A^ " 5ft J Jr,s \x\ir^. 

Using (ICT) again, we obtain the key identity 


I := 


Vu 


R,S 


1 ^ 2 ! 

A? 


Vm 


R,S 


2 (d-l)|A 2 | f \uR,s\'^" 


X} 


(l-d)5ft J fR,sUR,s-2^ J \x\ fR,s (drUR,s + i sgn{X 2 ) XI UR,sj J \x\fR,sUR,s ■ (62) 


h 


By the weighted Hardy inequality 

V^eCo°°(K''), /^< 


(d-ir 


\x\\V^\\ 


(63) 


and the facts that ur,s € C)j”(R'*) and we easily bound the left hand side of ( 1621 ) from 

below by a positive quantity as follows 


I> / Vu 


_ 12 IA 2 I d — 3 


^R,s\ 


X} 


d -1 


|x||Vu^,5| . 


(64) 


We proceed by estimating the individual terms on the right hand side of (l62ll by means of || Vu^ By 
the Schwarz inequality, the Hardy inequality ([5]) and thanks to (l55l) . we have 


|/i| < {d-l)\\xfR,s\\ 


Ur ,5 


= (d- 1) \\xfR,s\\ 


^R,S 


< 


2 (d- 1 ) 
d- 2 


(A||Vu7_,||2 + e2(i?)||Vn-^||) . 

(65) 

1 _ - 

Since drUR,s + iX^ sgn(A2) ur,s = drU~^ g, we may write 

I/2I < 2 \\xjR,s\\\\drU],J < 2 \\xjR,s\\\\yu-^J < 2 (a ||Vn7_,f + e^{R) ||V«7_,||) . ( 66 ) 


12 
















































If A 2 ^ 0, we also need to estimate the term /s. First notice that identity (1571) with the constant choice 
Gi{x) := 1 ^, immediately gives the L^-bound 


||'u_R,5||^ < IA 2 I ^ J \fR,s\\'^R,s\■ 

As a consequence, since IA 2 I < Ai, we have 

l^al < ■^||a;/H,5||||Mfl,5|| < llV'u^ .jll + ^J \fR,s\\uR,s\ 


< 


< A 2 


[A\\yu],J+e\R))\\xfR,s\\^ 

72 




Applying the estimates (IMl) . (1551) . (1551) and (1671) in (1621) . we obtain 

- |2 I 72 I d — 3 


||Vn^_,||(A5||V^r-,||+e(i?)) . (67) 




d-2 


< e^{R) llVit 


y/d^ 

4d- 6 72 




- |2 


a; 


id-11 


fl,5| 


d-2 y/d^ 




72 

y/d^ 


e{R) 


For fixed R, let (5 —> 0 in the last inequality; since ur^s is compactly supported, by the dominated 
convergence theorem, one gets 


^ 2{2d-3)^ 72 


d-2 


y/d^ 


A5^ j |Vz 


< e^(R) IIVm 


IA 2 I d-3 

72 


R\ 


4d — 6 72 . i_ 11 

d-2 ~ y/d^ 


:\\Vu} 


<R) ■ 


Let finally i? —>■ 00 ; by the monotone convergence theorem and the fact that u G we conclude 

that 

■-'2 ' l^2|d-3y |^||y^-|2<Q^ 




Ar 


5 d- 1 


( 68 ) 


By virtue of 0, it follows that u and thus u are identically equal to zero. 


Case IA 2 I > Ai- Let u G be a solution to (ITZl) . Choosing as a test function v = ±u in (l47l) . 


and taking real and imaginary parts of the resulting identities, one easily gets 

(Ai±A2) j |up = J |Vu|2 + 5R j fu±‘Aj fu. 


(69) 


By the Schwarz inequality, the Hardy inequality ([HI) and assumption (HIH) . we estimate 


5R / /m±5 / fu < 2 


I |/IH<2|k/|| 


< 


d-2 


A J |Vu|^ 


Consequently, dMD yields 

(Ai ± A 2 ) J \u\^ > (^1 - ^a) j |Vn|2 . 

Notice that (1501) implies that A < therefore the last inequality forces Ai ± A 2 > 0 unless u = 0. 
Since we assume IA 2 I > Ai, we conclude that it = 0. □ 
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By taking / := Vu in Theorem [5] (notice that Vu belongs to H under the hypothesis (1701) 1 

and using that |m| = |m“|, we immediately obtain 

Corollary 1. Let d > 3 and suppose 

e [ \x\'^\V{x)\'^\^{x)\'^dx<A'^[ IW'P, (70) 

jR'i JR'i 

where A satisfies (1501) . Then ap{Hv) = 0- 

Proof. In fact, Theorem [5] only gives the weaker conclusion that no complex point A satisfying 5RA > 0 
can be an eigenvalue of Hy- However, (1701) with (1001) implies (HJ, which in turn yields that all possible 
eigenvalues of Hy are included in the right complex plane, i.e. 5RA > 0. Indeed, this fact follows from 
the identity 

y'|Vwp + 5?y'H|Mp = 5?Ay'|up, (7I) 

which can be obtained from (1501) with the constant choice Gi := 1 and / := Vu. □ 

Now we are in a position to prove Theorem [0] 

Proof of Theorem\^ Theorem [0] follows as a weaker version of Corollary [TJ Indeed, it is easy to see that 
any A verifying (1501) necessarily satisfies A < (d— 2)/2. Using the latter in the former, we obtain (HOI) as 
a sufficient condition which guarantees dZQl). □ 

We now turn our attention to Theorem [O] In analogy with the above strategy, we first study the 
(more difficult) part 5ftA > 0. In the following, we set Vi := and V 2 := 

Theorem 9. Let d > 3. Let u £ 'D(R'^) he a solution of (l46l) with 5RA > 0, and let f := Vu where V 
satisfies (HOI) . H5D . (TTOl) and H3|) . Then u = 0. 

Proof. The proof is completely analogous to that of Theorem [51 The only difference consists in the way 
we handle the right-hand side of (1551) . as we see in the sequel. 


With the same notations as above, if m £ I)(]R^) C H^{W^) solves ((051) . then identity 
(1551) holds. We now need to rewrite the right-hand side of (1621) in a suitable way. To this aim, recall that 
fa is defined via (1551) . where f :=Vu. It is convenient to introduce the notation 


Case IA 2 I < Ai- 


Kr{u, Vm) := -2V^r • Vm - uA^r. (72) 

so that fR = fR + Kr{u,Vu). Putting (1751) into (155|) . integrating by parts in the first two terms 
involving Vi and taking the limit as d —>■ 0, one gets the following key identity: 


r 1^ _|2 IA 2 I f I II _|2 {d- 1) IA 2 I f \ur\^ X 2 f ^ I I |2 

^+— / hIIVu^I- r-i- / -rn- + — / \x\Vi\ur\ 

J \i J ^ \i J J 

= j \ur\'^ {Vi + \x\drVi) + 2Q j \x\V 2 UR (^drUR + isgn{X 2 )Xfu^ 


h 


I2 


-|-(l-d)K J KR{u,yu)uR-2iR. J\x\KR{u,yu) (jdrUR + isgn{X2)XluR'j - J \x\Kr{u,Vu)ur . 


h 


(73) 


We start by estimating the individual terms on the right hand side of (1751) . Thanks to assumption 
we have 

•fi = y WR\^dr{\x\Vi) < J [dr{\x\Vi)]^ < hi j IVu^p. (74) 
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We now use drUn + iX^ sgn(A 2 ) ur = drUj^ to write 


I/2I < 2\\xV2UR\\\\drU-j^\\ < 2\\xV2UR\\\\yu-^\\ < 2b^ / IVw^l 


(75) 


Finally, by (EH) and the fact that ur G one easily gets that 

l-^al < lim e^(7?) = 0. 

-R—)-oo 

We now proceed by estimating the left-hand side of dZSl) from below. By (O we obtain 


(76) 


|A 


IA 2 


^ \x\V,\ur\^ > (Fi)_ 




At 


X ^u. 


Af • 


V lx 




(77) 


Now write 


I A: 


-|2 (<^-1)|A2| /" |mrP _ IA 2 I 


X^ j ^ XI 


Ai 


V lx 


I^“r) 


4 


Ai^ 


(78) 


Notice that identity (1571) with the constant choice 6 * 2 (x) := |^, in the limit as (5 —>■ 0, reads as follows 

IA 2 I J |wRp = y ^2 |wrP + 1^3 J Kr(u,Vu)u^. 

Since ur G arguing as in m, by (fT51) . (1511) and the fact that |w_r| = |u^|, we obtain the 

L^-bound 

\\uRf <\X 2 \-^ (J^J\^u-^\^ + e\R)y \im^e\R)=0. (79) 

As a consequence of (1751) . since IA 2 I < Ai, we can estimate the last term in (1751) . by the Schwarz and 
Hardy inequalities as follows: 


IA2I 

A? 


- |2 


< IM 

— 1 


FrII ^ 


Vh y 


f 2 


d-2 


Vit 


Rl 


d-2 


A? FI 

where e{R) is the error term from (1751) . By (1771) . (175)) . and (IM)) . we conclude that 


||VR^|||e(i?)|, (80) 


/ > 


1 - 


1 




( 2 


d-2 


|VR«|"-J^||VR^|||e(i7)|. 


(81) 


Applying ([TH), dZS]), dTS]) and m in dZSl), we obtain 

/ 2 


1 - 6? - 2 6., - 




1 2 


Ad-2 


IVr^II |e(i7)| 


for any R > 0, with lim/j_).oo e^(7?) = 0. In the limit as i? —>• 00 , by the monotone convergence theorem, 
we finally get 


1 - 6 ^ - 2 - 


\/% i 


( 2 


d-2 


Vm < 0 . 


(82) 


By virtue of (I13L it follows that u and thus u are identically equal to zero. 
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Case IA 2 I > Ai- The proofs in this case is based on identity When / := Vu, it reads as follows: 

(Ai±A2 ) J \u\^ = j |Vn |2 + J Vi\u\^± J V2\u\^> j \Vu\^ - j {Vi).\u\^ - J V2\uf . (83) 

By means of (fTTll . (|m) and (fTBl) . we have 

1-bi- 


(Ai ± A 2 ) J \u\^ > 


' iv«r 


d-2 


Therefore, condition m implies that Ai ± A 2 > 0 , and since IA 2 I > Ai we conclude that u is identically 
zero. □ 

Now we are in a position to prove Theorem [3] 

Proof of Theorem\^ Theorem [5] implies that crp(iJy) fl {Ai > 0} = 0 . In addition, if Ai < 0, then 
choosing ?; := m in gzl) and taking the resulting real part, one obtains 

Ai J = J + Jv, |up > J |Vup - J (V,). \u\^ > (1 - bj) J |V^r |2 , 

where the last inequality follows by (HI- This implies that (Tp(iJy) fl {Ai < 0} = 0 , so the proof is 
completed. □ 

We conclude the manuscript with the proof of Theorem S) Since the strategy is identical to the proof 
of Theorem [31 we just sketch it. 

Proof of Theorem Equation dlSl) is now replaced by 

Ay 4 w + Au = Eu, (84) 

where := Va • Va. Let u € Da(R‘^) be a weak solution to (1531) . By similar algebraic manipulations 
as in the proof of Theorem [31 we get an analogue to (173)) : 

_|2 IA 2 I d — 3 


Vam 


Rl 


A 


I d-1 


y|a;||VAU^P< J (Vi + jxldrVi) + ^ J \x\Vi\ur\ 


+ 25 y |a;|u_RV '2 (d^UR + i sgn(A 2 )Aju^^ ~ J 

+ (l-d)5ft y KR{u,VAu)uR-2ft J |a;|A:i^(u, Vam) (^dfTi:^ + isgn{X2)Xlu^ 

- [ \x\Kr{u,X/au)u^, 

A? J 

where ■ Va. In fact, in order to obtain the last identity, one proceeds exactly as above, 

with the only difference arising once obtaining identity (1581) . in which we use the test function v := 
VG 3 • Vaur ,5 + ^GsUra- The key remark is that Br is a tangential vector, so that 


Br ■ Vau = Bt ■ I Vau + i sgn(A 2 )A;f -j— tM \ = B^ ■ Vau 


‘‘R I 


and we can rewrite the last inequality as 
|2 IA 2 I d — 3 


\V AU 


R\ 


Ai= 


i d-1 


x\\X/aUj^ 


-|2 


-B. 


< y IwflP {Vi + |a;|5^Vi) + ^ J \^\^i\'^r\'^ J 

+ (I-d)3? j Kr{u,VA u)uR-2fi y |a;| A:_r(u, Vam) + i sgn(A 2 )Af 

- [ \x\Kr{u,X/A u)u^. 

J 
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One now proceeds in the same way as in the magnetic-free case, to conclude that it = 0 if JiA > 0. To 
complete the proof, we then argue exactly as above; we omit further details. □ 
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